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Abstract

This comprehensive review explores recent advances in measuring and analyzing congestion within Data
Envelopment Analysis (DEA), a pivotal tool in efficiency assessment of Decision-Making Units (DMUs). The study
categorizes multiple methodologies developed over the years, focusing on both classical and novel models to detect,
quantify, and interpret congestion situations where input increases lead to output reductions or vice versa, indicating
inefficiencies or overutilization. These approaches include input-oriented, output-oriented, multi-stage, weight-
restriction, and models addressing undesirable outputs, as well as those accommodating integer data and production
trade-offs. Several models utilize concepts such as Patreto efficiency, slack variables, and weight restrictions to
formalize congestion detection, with specific attention to strong, weak, and wide congestion phenomena. The
synthesis includes algorithms for projecting DMUs onto efficiency or congestion boundaries, alongside measures for
the extent of congestion. Furthermore, innovative techniques addressing multiple stages, undesirable outputs, and
integer data expand the applicability of DEA in complex, real-world scenarios. The findings offer researchers a
robust, categorically organized toolkit for congestion analysis, advancing the understanding of resource overuse and
production bottlenecks, thereby contributing to more accurate efficiency measurement and resource management
strategies in diverse sectors.

Keywords: Data envelopment analysis, Decision-making units, Input-oriented, Output-oriented, Multi-stage.

1| Introduction

Data Envelopment Analysis (DEA) is a branch of management interested in evaluating the efficiency of
homogeneous Decision-Making Units (DMUs). Charnes, Cooper, and Rhodes (CCR) [1] developed DEA in
1978 in their famous article. Since 1978, there has been a spurt of broad searches on the DEA. Today, many
scholars all over the wortld are working in this domain. The performances of DMUs are affected by the
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number of origins that DMUs use. Usually, increases in inputs cause increases in outputs. But there are
situations where an increase in one or more inputs generates a reduction in one or more outputs. For example,
in an underground coal mine, too many men decrease the output of coal. In such situations, there is

congestion in inputs or the production process. The definition used in this research is as follows:
Definition 1.
Input: A set of resources available to the DMU, denoted by the vector X= (X1, X, wevt v, Xpp)-

Output: A set of items produced from the input vector X by the DMU, denoted by the vector Y=
(Y1, Y2r e 0» Yin)-

Efficiency-extended Pareto-Koopmans

Full (100%) efficiency is attained by any DMU if and only if none of its inputs or outputs can be improved
without worsening some of its other inputs or outputs. If the performances of other DMUs do not show that

some of their inputs or outputs can be improved without worsening some of their other inputs or outputs
[2]-

Congesion 1 ([3]). Congestion is said to occur when the output that is maximally possible can be increased
by reducing one or more inputs without improving any other input or output. Conversely, congestion is said
to occur when some of the outputs that are maximally possible are reduced by increasing one or more inputs

without improving any other input or output.

Input-oriented CCR model

05 = min6,,

s.t.

Z]-“=17\]- Xjj < 0Xj0, i = 1...,m, €Y
Z}Ll)\j Yrj < 0yro, r=1...,5,

X, SiSio) 20, j=1..,n i=1..,m r=1..,s.

Banker, Charnes and Cooper BCC model

(o = max @,

s.t.

n
z?\] Xij < Gxio,i =1 e, M,
j=1

y (@)
zAJYI‘] < eyh);r =1 ey S
=1

n
=1

X SigSt0) 20, j=1..,ni=1.,mr=1.,s.

Congestion has been an under-researched topic in Western economics partly [5] because a Nobel Laureate
economist questioned whether "congestion" as a subject of research should have any place in economics in
his review of the "X-Efficiency" concept of [4], [6]. However, after a long period of neglect in the economics
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literature, Fire and Svensson [7] excogitated new research in this area by reformulating some of the concepts
connected with congestion. Fire and Grosskopf [8] then gave this abstraction operational form. Later,
complete the models (And methods of analysis) that they used to analyze congestion and accord them a form
that would now be identified with DEA [9].

This approach was the only one accessible in the DEA literature and was therefore employed in all of the
research into congestion in the numerous applications that were then undertaken, however, formulated an
alternative approach which has also begun to see different extensions and applications interest in the
development of alternative approaches has now started to result in additions and extensions in a various of
ways [10]. This has been advantageous because new alternatives provide a perspective on shortcomings as
well as advantages in the utilization of existing models. This was exhibited, for example, in the exchanges
between Fire and [11-13].

Shortcomings in the [14] approach were then identified [15] in a manner that led to the exchanges between
[16] and [17]. Many new applications have been reported in different fields. Congestion, as used in economics,
refers to circumstances where reductions in one or more inputs generate an increase in one or more outputs
without worsening any other input or output. There are two principal approaches for identifying and
measuring congestion [8], [15]. To overcome these theoretical shortcomings in previous research about

congestion and returns to scale, the first problem of RTS was considered, and several methods for measuring
RTS [17] were developed.

2| Conjection Model

Fire, Grosskope and Lovell approach

The Fire, Grosskope, and Lovell (FGL) method [18] proceeds in two steps. The first step utilizes an "input-
oriented" Mode/ (7). In this model x;; is the observed amount of input i=l,...,m utilized by DMUj and yy,is the
observed amount of output r=l,...,s produced by DMU;. The x;, and y,, represent the amounts of inputs
i=l,...,m and outputs r=I,...,s associated with DMU,where DMU,, is the DMU;=DMUj, to be evaluated dependent
on all DMU; (Including itself). The aim is to minimize all of the inputs of DMU, in the proportion 6*where,
because the X;, = x;; and yy, = yyj for DMU;=DMU,come in on both sides of the constraints in Eg. (7), the
optimal 8" = 6 does not exceed unity, and the non-negativity of the A,, x;; and y,j implies that the value of 8"
will not be negative under the optimization in Eg. (7). Hence, 0 < Minq =8* <1. There are the following
explanations of technical efficiency and inefficiency:

Fire, Grosskope, and Lovell technical efficiency
1. Technical efficiency is gained by DMU, if and only if 8*=1.
1. Technical inefficiency exists in the performance of DMUy, if and only if 0 < 6" <1.

This definition ignores the possible presence of non-zero slacks even when the answer of Eg. (7) shows them
to be present. This definition refers to "weak" technical efficiency. This is the term utilized in the operations
reseatch literature. In the economics literatute, it is referred to as the assumption of "strong disposal." In any
case, FGL then goes on to the following second step model:

B* = Min B,
s.t.
n
ZXIJ}\] = BXiOJi = 1 e, 1N, (3)
=1

it yrAj 2 yro, 1= 1o,
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}\] 20, ] = 1...,n.

Note that the first i=L..., m inequalities in Mode/ (1) are replaced by Egq. (3). Therefore, slack is not possible in
the inputs. The fact that only the output can yield non-zero slack is then referred to as "weak disposal” by
[19]. We note that Mode/ (3) is more restricted than Mode/ (3) by the goodness of replacing inequalities with
equations. Hence, we have 0 < 8” < f*. FGL utilizes this property to develop a "measure" of congestion:
0< C(6%, B%) =g—i <1.

Combining Models (1) and (2) in a two-step manner, FGL utilizes this measure to identify congestion in terms
of the following conditions:

1. Congestion is identified as present in the performance of DMUj, if and only if
L. C(6%p") <1.
III.  Congestion is identified as not present in the performance of DMU, if and only if C(8%, ) =1.
Cooper, Thompson, and Thrall approach

Cooper et al. [10] present another model, which was extended by Brockett et al. [11] in their study of
congestion in Chinese production. See the further developments on the utilization of these results for policy
guidance in [12]. This alternate method also proceeds in a two-step manner, with Mode/ (2) utilized in the first
step. In Mode/ (2), § is a non-Archimedean element smaller than any positive real number. It is used only in
theory to refrain from rewriting the model. In other words, in practice, two distinct structures with their
objective functions, but similar constraints, must be solved to obtain the optimal solution. Then solve Eg. (2)

for each DMU. For an optimal solution (p*,A*,S*",S™) of Fg. (2), re-express the constraints in the following

form:
p*Yro + S:-* = Z}Llyr,- 7\;, r=1..,5s, @
Xjp —Si = Z]n=1 Xi]-l;, i=1...,m. )

In this method, the values on the Left-Hand Side (LHS) in Eq. (4) and Egq. (5) are used to explain new outputs

and inputs y:O, r=1,..,s, xiﬂo,i =1, .., m as in the following:

y;'\O = p*Yro + SI-!-* 2 yr0I r= 1 v S, (6)

A

Xio = Xio — Si < Xjo» i=1..,m ™

Note that yro, X, are the coordinates of points on the efficiency frontier. In the above method, inefficiency
is a necessary condition for the presence of congestion. Therefore, at first, the method uses Eq. (2) to identify
whether DMUj is inefficient. If it is found to be so, then the technique uses Eg. (2) and Egq. (3) to formulate

Eq. (6):
Max Z{gl 81_1
s.t.

y;'\o =pPVro + 51-'— = Z]!l=1 Vrj 7\]-, r=1..,s,

A *
f— — - n B L - o
Xjio = Xjo Sy = Zj:l X]] A 81 , 1= 1 veey

Y A=1, j=1..1, ®
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s; =6, i=1..,m,
&6 =0, i=1..,m

}\] = 0,] = 1...,11.

Finally, to determine the level of congestion, the method utilizes the input constraints at the bottom of Mode/
(6) to obtain:

n A
=1 XA —Xjo =6 , i=1..,m,

)
sT¢=s7 =67 ,i=1..,m,
Substituting Eg. (§) into Eg. (6), can rewrite the latter as Eq. (9):
Min Y2, s7°¢,
s.t.
p*YFO + Sl-"-* = 2;121 yr]}\]: r= 1 w0 S,
Xio = Si © = Xjm1 XA, i=1..,m, (10)
Z]!lzl }\jzli ] = 1 w0,
s;¢=>0,i=1..,m,
A =0, j=1.,n
Cooper et al.'s method
Using &, Cooper et al. [20] combined this stage into the single Mode/ (10):
Max p + & (XF=1si —EXiZisi 9,
s.t.
Zjnzl XijAj + Sig” = Xjo, i=1..,, m,
an

n + —
j=1 Yrjxj — Sro = PoYro I=1..,5,
n i

Zj:l }\jzljl_l-") n,

(A, 51, 510)=0, j=1...,n, i=1..,m,r=1..,s.

As referred to eatlier, the use of & only has theoretical justification. In the method, the calculations must be
performed in three stages, and three models must be solved in order to achieve the optimal solution and
identify the corresponding level of congestion.

In order to detect the presence of congestion in a DMU, Cooper et al. [20] presented the following theorem
for identifying and measuring congestion:
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Theorem 1. Congestion is present if and only if in an optimal solution ( p*,A*,s*",s™) of Eg. (2), at least one
of the following two conditions is satisfied:

I. p* >1 and there is at least one s™¢° > 0, (1 < i < m).

II. There exists at least one s; > 0, (1 < r < s) and at least one s™¢ > 0, (1 < i < m) For additional detail on,
see [20].

Tone and Sahoo approach

In this method, there exist n DMU for j = 1..., n) and each DMU uses m inputs (i = 1..., m) to produce s
outputs (r = 1..., s). The ith input and the rth output are specified by (xjj, yyj) for the j* DMU [21]. The output-

oriented congestion of the kth DMU is measured by comparing the objective values of the following two
(Left and right) DEA models:

Original
Max 0,
s.t.

Zjn=1 )\] Xij < Xik» l:1, m,

ST YA — 0y = 0, r=1..,'5, (12)
Z]p:lAj = 1J

0 =URS, andA; 2 0, j=1.., n.

Congestion

Max f3,

s.t.

— Y %A + X = 0,i=1.., n,

2j=1Vrh — Byrk = 0,r=1.., 5, 13)

n
=1

Bp=URSandA; = 0,j=1..,n.

The original (left) model is a Banker, Charnes and Cooper (BCC) model [4]. The original Mode/ (11) provides
a radial non-parametric measure for Technical Efficiency (TE). An important feature of the TE measure is
that it avoids the assumption of constant RTS (So, variable RTS). The variable A; (j = 1..., n) is used to connect
inputs and outputs in a data domain representing a Production Possibility Set (PPS). The variables (6 and )
in the objectives of the two models represent, respectively, a level of TE under two different production
technologies. Those are Unrestricted (URS) in such a manner that each of the two variables can take any sign.
As can be easily identified by comparing Eg. (77) with Eq. (12), there is only a major difference between the
two DEA models. The first set of constraints is formulated by inequality in Egq. (77), while being equality in
Eg. (12). To extend the two DEA models further into the issue of congestion, let the PPSs of Eg. (77) and
Eg. (12) be:
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n n
XZZXjAj,ySZy]A],
=1 =1
p= (XIY)ln : :
Z)\j=1?\]>0,]—1, ,n
j=1
n n
[ x=ijAj,ySZy]A],
j=1 j=1

Peonvex: { (X ¥)| n
dAy=1x20j=1..n

=1

The two DEA models can be expressed by max {0](x,0yy } € P and max max {B|(Xx,BYk} € Peonvex, using the
two PPSs. The two DEA Models (17) and (72) have the following dual formulations:

Banker, Charnes and Cooper

m

Min Z ViXjk — O,

i=1
m S
ZViXij + ZurYrj +0<0, j=1.,n 14
i=1 r=1
215*=1 uryrk =1,
v; = 0,u, = 0,and o, URS.

Congestion
m
min Z ViXjk — O,
i=1
m S
Zvixi]-+ Uy +0<0,j=1,..,n,
i=1 r=1 (15)
S
Z Uryrk = 1,
r=1

v;, URS,u, = 0 and o, URS.

Here,v; 1 = 1.., m) and u, (r = 1., s) are dual variables (multipliers) derived from the first and second
constraint sets in Eq. (77) and Eg. (72). Similarly, r is a dual variable derived from the last constraint. Almost
no difference is identified between the two dual models. However, a careful examination of the two
formulations indicates that v; is non-negative in Eg. (3), but it is unrestricted URS in Egq. (74).

Let the optimal value of Egq. (77) be 8 and that of Eq. (12) be 8*, where the superscript (¥) indicates optimality.
Then, the output-oriented Congestion (OC) is measured by the following ratio.

Output — oriented Congestion: OC (67, B*)zg—:

If OC (8%, *)> 1, then the congestion occuts on the kth DMU. Meanwhile, if OC (8%, *)= 1, then there is no
congestion. The previous research extended the concept of congestion further by linking it to other economic
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concepts related to efficiency, proposed to measutre the concept of strong efficiency, and discussed the
relationship between the two economic concepts [21], [22]. The strong efficiency is defined as follows.

Definition 2. Let 8* be the optimal value of Fg. (17) and let (¥, d¥",1*) be an optimal solution of

Max XiZ, df + X3-, d7,

Xik=2je1 XAy + df, i=1..,m,
* (16)
0 Yrk:Z]r;l yr,-?x,- — d¥, r=1..,s,
]p=1 }\]:1 and }\] > 0, ]:1, n.

The status of “strong efficiency” is identified within P if and only if 8* = 1, d* =0, and & = 0. Similarly,
let B* be the optimal value of Eg. (12) and let (@, A*)be an optimal solution of:

m 4y
max )%, dy,

—\'n P
Xik—zl'zl Xi]'}\j, 1—1..., m,

a7
B*yrk=2j“=1 yr,?\,- - d¥, r=1..,s,

Z]n=17\1=1 and }\] > O, ]:1, n.

The status of “strong efficiency” is identified within peopyex if and only if f = 1 and d¥ " =0.. Based upon the
definition regarding strong efficiency, they redefined the concept of “weak congestion” in the following
manner [22]:

Definition 3. A DMU is “weakly congested” if it is strongly efficient with respect to Peonvex anid there exists
an activity in Peonvex that uses fewer resources in one or more inputs to make more products in one or more
outputs. Definition 3 makes it possible for the following DEA model to examine whether the kth DMU suffers
from an occurrence of strong congestion:

m m S
Maxz ViXik —Zvixi]- + Z Uy +o<0j=1,..,n,
i=1 i=1 r=1

m S

zViXi]‘ + UrYr +0=0, ] =1,..,n, (18)
i=1 r=1

S

Zuryrk =1,v; = URS,u, = 0 and o, URS.

r=1

According to TS method [22], if the optimal objective value of Egq. (77) is negative, then the kth DMU suffers
from “strong congestion”. In this study, the concept of “strong congestion” implies the status of “weak
congestion” under Definition 2. The assertion is trivial because if a DMU is under congestion, then it satisfies
weak congestion. Moreover, let us consider that a DMU belongs to “congestion” if the DMU satisfies the
condition related to Eg. (75). The three different concepts (Congestion, weak congestion and strong
congestion) have the following relationship among them.
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Theorem 2. If a DMU belongs to strong congestion, then the DMU belongs to congestion. If a DMU is
strongly efficient with respect to Pconvex and it belongs to congestion, then the DMU belongs to weak
congestion.

2.1| Congestion Measurement by Tone and Sahoo, under Multiple
Projections

The TS technique [22] has proposed the following method to measure the Degree of Scale Elasticity (DSE)
of the kth DMU on its projected point (X}, ¥;.):

Step 1. Let 8*be the optimal value of Fg. (77) and let (d*',d¥",1*) be an optimal solution of Eg. (16):

Ifo*=1,d* =0,and d¥ = 0; then (X Vi) 1s efficient and not congested under variable RTS. Let

p = max{vx; |the same constraints as (8) ,v = 0}.

and

p= min{vx'k|the same constraintsas (2 — 17) ,v = 0}.

Let DSEy = ﬁzﬁ and stop.

If6* =1,d # 0,and & = 0; then (x;, y;) is technically inefficient and stops.
If6* = 1,and d" # 0; or 8" > 1 then (x,,y;) is congested, and go to Szep 2.

Step 2. Let D be the optimal value of Eg. (7). If p < 0, then (xj,¥;) is strongly congested.

. ) . _ptp
p = min{vx; |the same constraints as (2 — 17) ,v > 0} Let DSE; = and stop.

Otherwise p = 0, (X}, y;) is weakly, but not strongly, congested. Solve the following problem:

1 t 1 tX
Max {; izli +en— f‘;li Ix; —t5y +tY EP,* > 0,tY = 0}, 19)
r 1

where g, is a2 non-Archimedean small number.

Let (t,t¥") be an optimal solution of Eg. (70). Let 5 and Trbe the number of positive t,¥ (r = 1, ..., s) and
the number of positive tX (i=1,...,m) . Then, the DSE is measured by

los b
Tgldr=1y
DSEj = Yrk -
lyom &
m =g,
Toshiyuki method

Definition 4. A DMU is “widely” congested if it exists on the boundaty of Peonvex and it has an activity in

Peonvex that uses fewer resources in one or more inputs to make more products in one or more outputs [17].

This definition implies that if a DMU is widely congested, then it exists on the boundary of Pegpyex. However,
the DMU doesn't need to be strongly efficient with tespect to Peopyex. If the DMU is strongly efficient with

respect to Peonvex it €xists on the boundary of Pegpyex-

Theorem 3. If a DMU is “weakly” congested, then the DMU is “widely” congested.
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The change from weak congestion to wide congestion implies that strong efficiency with respect to Peonyex 1S
not essential in terms of congestion identification. Instead, we must examine whether a DMU exists on the
boundary of peonvex- As a consequence of such a change, we can eliminate S7p 2 of Sueyoshi and Sekitani
[17], including Eg. (78), from the congestion identification. Based upon Theorem 3, we proposed the following
new approach to project all DMUs onto the boundary of peonyex-

Projection: Identify optimal B* of each DMU by solving Eg. (72). A projected point of the DMU is identified
by:

Xj. < Xg (unchanged) and y; < B yk. (20)

Since B* is uniquely determined by Eg. (72), the projected point (Xj, ¥;.) is also uniquely determined by Egq.
(19). A computational benefit of the projection is that Eg. (79) is not influenced by the occurrence of multiple
projections. Furthermore, the projected point (X, y;) has B* = 1 on optimality of Eg. (72). To examine
whether a DMU is congested or not, we need to characterize the wide congestion in the following manner
mathematically.

Theorem 4. Assume that (X, yy) is on the boundary of pcopvexand the optimal value of Eq. (712)is " = 1. A
DMU (xy, yx) is widely congested if and only if any optimal solution of Eg. (74) (v¥, u*, 1¥) satisfies either:

L. v{< 0 for at least one i € {1..., m}.
II. v* > 0 for at least one i € {1..., m}, and uy = 0 for at least one r€{1..., s}.
Identification of wide congestion under the occurrence of multiple projections

For the identification of wide congestion under the occurrence of multiple projections, the following
approach for identifying wide congestion consists of two linear programming problems.

Step 3. Choose 8> 0 arbitrarily (Where 8 is a real number) and solve the following problem

Max € + Zf.:l d¥,

m S
ZViXij+zuryrj+0S0, j=1,..,n,
i=1 r=1

—\'h ] —
Xik_Z]'zl Xi]'}\j, 1—1..., m,

S

Z Uy = 1,

m
zViXik—(T:B.z)\j: , J=1,..,n (21)

ViXjk — € > O, i:1..., m,

£ < 8d} = 0,v; URS,> 0 ,0,URS,B,URS,, URS, ; > 0.

Here, an arbitrary real number () guarantees the existence of an optimal solution of Eg. (74). Since e
represents the smallest value of vixy (i = 1..., m) in such a manner of min {min {v;xy|i = 1..., m},c }, the
arbitrary number (o) functions as the upper bound. Consequently, Eg. (20) always has an optimal solution.
All the constraints of Eg. (20), except (Vixye —€ = 0 (i=1...,m) XL, vix;c —0 =B € < §) are obtained from
Eq. (12) and (74). Sueyoshi and Sekitani [17] provided a rationale regarding why Eg. (20) deals with an
occurrence of multiple solutions. Problems (13) is a modified version of their approach for Eg. (77). The
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proposed approach restricts the DEA dual variable in order to obtain a reduced projection range for the
measurement of wide congestion.

Let (A%, %, d”",v*,u", 6% £")be an optimal solution of FEg. (20), then we can identify the wide congestion on
the projected point (X, B*yy) of the kth DMU as follows:

I. if €* < 0, then( Xy, B*yy) is widely congested,
II. €" >0, then (X, B*yx) is not widely congested,
1L ife* = 0and };3-4 d¥* > 0, then (xy, B*yx) is widely congested and,
IV. ife* =0and X5, d¥* = 0, then go to S#p 2.
Step 4. Solve the following problem
max o
s.t.

m S ] —
iz1ViXij + Xr=1 WYy +0<0,j=1,..,n,

S

Z Uy = 1,

r=1

YR vixik—o =8, vi=0, u.=>0,a=00,URS.

The wide congestion of the kth DMU is identified as follows:
L if a*> 0, then (xk, B*yy) is not widely congested and
IL. if o* = 0, then (X, B"yy) is widely congested.
Jahanshahloo, Rashidi, and Parker method
Solve Model (2) for each DMUj, j = 1..., n, and achieve the optimal solution [23]:
(p* A%t ,s7) denoting the p* corresponding to DMUj by p;. The set E is defined as follows:

E={j lp* =1 }. (22)

Among the DMUs in set E, there exists at least one DMU, say DMU;, that has the highest usage in its first

input component compared with the first input component of the remaining DMUs of set E. That is to say,

3(leE) st.forallj(jeE) = xq = Xy 23)

They denoted x4; by xi. Then find, again, among the DMUs in E, a DMU, say t DMU, that has the highest
usage in its second input component compated to the remaining DMUs in E. In other words,

J(teE) stVj(jeE) =Xy =Xy 24)

They showed x, by x3 Similarly, for all input components i= 1,..., m, identify a DMU in E whose ith input
consumption is higher than that of all other DMUs in the set. Inputs denoted by xj, i=1..., m. Note that

X1, X3, ..., Xy need not certainly be selected from a single DMU. The congestion is discussed as follows:

Definition 5. Congestion is present if and only if, in an optimal answer (p*, A%, st s_*) of Eg. (2) for DMUo,
at least one of the following two conditions is satisfied:

1. " > 1, and there is at least one x;, > x{,i=1...., m.

II. There exists at least one s{ > 0 (r =1..., s), and at least one x;, > x{,i=1...., m.
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The amount of congestion in the ith input of DMUo is denoted by s{where x;, > x{, and define it as: s{ =
Xio — X{ Eg. (23).

Congestion is considered not present when xj, <x{ and s{ =0 . The sum of alls{ is the amount of
congestion in DMUo. For purposes of explanation, consider subFig adapted from Flegg and Allen [24].

CCR froiier

. BCC:frontier

Fig. 1. Schematic adapted from Flegg & Allen (for explanatory purposes).

The set of efficient DMUs is E = {A, B, C, D, E, F}. As can be seen DMUg has the highest input using up
among the efficient DMU, i.e.
Theorem 5. If DMUg=X7,X5, ..., Xpm, @ V1o + S1, @ Vo0 + S5, -+, @ Vs + S5), then DMUg € PPSyy.

" ¥
Theorem 6. s{ = s;¢ where xj, > Xj.

Theorem 7. If for all i,i=1..., m, we have x;, — X{ < 0, then there exists no congestion in DMUo.
Hosseinzadeh et al. approach (Interval congestion)

Consider n DMUs with m inputs and s outputs, with interval data, that is [9]:
Xij € [X%j,X;}], i=1..m.
1
yrj € [yr]-,y;‘]-], r=1..,s.

In other words, to measure congestion with interval data, one should first determine the efficiency interval of
each DMU. To do so, they gained the efficiency of each DMU in the most pessimistic and the most optimistic
cases, using the following two models introduced by Wang et al. [25] and Javanmard [26]. In the Model, which
is the most pessimistic case in evaluating a DMU, they considered the unit under estimation with the highest
inputs and the lowest outputs.

*U —

¢o = Max o,
s.t

Z}lzl XL)\] + )\OX;IO + Si_o = Xiuo, i=1..,m,

j#o

n 1 + 1 (25)
Zit1 VBN + AoYro + Sfo = @o¥ros I=1..5,

j#o0

iy =1, O\j,si_o,s;“o), j=1..,n,r=1.,s,i=1.,m.

As for the most optimistic case, Mode/ (25) assumes the unit under evaluation with the lowest inputs and the
highest outputs, and the other DMUs with the highest inputs and the lowest outputs.
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@3 = Max @, 26)
s XA + AoXlo + sig = xo, i=1..,m,
j#o

1
Z]n=1 Yrj)‘j + AoYro * Sto = PoYro, I=1..,5,
j#o

Z}‘zl?\]— =1, (A5i0) st), j=1.,nr=1.,s,i=1..,m.

After determining the efficiency interval [@*], @], they suggested the following method for computing
congestion. With regard to the idea in this method, the highest input value for each component is specified
to compute congestion among efficient DMUs. As was stated eatlier, one need not consider a single DMU
for selecting all the components. To this end, they defined a set Evas follows:

, — ] __
E = {DMUj|g;" = 1}, 27

E’ is the largest efficient set that can maybe exist with the above data, i.e., it is the set of DMUs that are
efficient in the best case. We aim to determine a congestion interval (i.e., upper and lower bounds) such that
the congestion value associated with any combination of values occurring in the input and output intervals of
a DMU belongs to the interval achieved. Considering the fact that inefficiency is the necessary condition for
congestion, there exists no congestion in DMUs with @ = @™ = 1, besides, since the DMUs in the set Eare
efficient in their best case; they do not show congestion in this case. However, these DMUs might be
inefficient in their worst case. Thus, there exists the possibility of congestion in this case for these DMUs. In
computing congestion in the most optimistic case possible, the lowest input consumption of a DMU is
compared with the highest input consumption of the DMUs belonging to the set E’ (i.e., those efficient in
the best case). To this end, they found x{"as follows:

Foralli i=1,..,m 3t; s.t xi; =x;" = max {xjj|jeE'}, (28)

And in the most optimistic case possible, the highest input consumption of a DMU is contrasted with the
lowest input consumption of the DMUs belonging to the set E’ (i.e., those efficient in the best case). They
showed xi" as follows:

Forallii=1,..,m 3k; s.t xLi = x!! = max {x%]-|jeE'}. (29)

The lower bound of congestion in the ith input is denoted by DMU,by s¢l and define it as

cd _ 1 _ Jut s
Sio = Xio — Xjo» 1=1

vy ML (30)
If s{) > 0, the amount of congestion is indicated; otherwise, congestion is zero in the best case. Furthermore,
they are denoted by s{a'. The upper bound of congestion in the ith input of the DMU is defined as:

cu _ Ju __ JI*
Sio = Xio — Xjor 1=1..,m. (31)

If sig = 0, the amount of congestion is shown; otherwise, congestion is zero in the worst case
Theorem 8. The interval [s§, s$] indicates an upper and a lower bound for congestion present at DMU,,.
Jahanshahloo, et al. technique

Their study started with a two-model method that was utilized to evaluate congestion [27]. Assume there are
n observed DMUs, DMUj (x,yj), j = 1, 2, .., n, and all DMU; produces the same s outputs in (Possibly)
different amounts, yy, r =1, 2, ..., s, utilizing the same inputs, x;;, 1 = 1, 2, ..., m, also in (Possibly) various

amounts. All inputs and outputs are assumed to be nonnegative, but at least one input and one output are
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positive, i.e., Xj = (Xqj, ..., Xm;j) 2 0, Xj #0 and yj = (V4 , -, ¥sj) 2 0, y; # 0. Then, to keep in contact with Cooper
et al. [10], the method starts with the following version of a BCC model:

Max ¢ + e(Xin; si + 25=1S7),
S.t.

Z]n:l )\]Xl] + Si_ = Xjo, l=1, m,

Z]n=1 7\er]’ + 55 = Yio» r=1...,5, (31)
i=1h =1,

A, sy, sy 20,

j=1,..,ni=1..,m r=1,...,s.

Here € > 0 is a non-Archimedean element, described as smaller than any positive real number. This means
that e is not a real number. The standard procedure is to prevent any need for explicitly assigning a value to e
by utilizing the following two-step process. Step one: Maximize ¢ while ignoring the slacks, si7,sf in the
objective. Step two: Replace ¢ with ¢*= max ¢ in Mode/ (37) and maximize the sum of the slacks, then
determine whether DMUo is efficient or inefficient in accordance with the sub definition.

Definition 6 (BCC Efficiency). DMUo is efficient if and only if the following two conditions are both
satistied:

L oex=1.

II.  All slack variables are zero in optimal solutions.
Definition 7 (BCC-Projection). For a BCC-inefficient DMUo,

BCC-projection, based on an optimal solution for Mode/ (31), defined as follows:

(%10 = Xio — i +¥ro = Yro + 57 )-
The improved activity (X,, Y, )is BCC-efficient. As explained in Cooper et al. [13], the (X5, Vo) Values together
with the x3; and yyy, as defined in Mode/ (37), are utilized to construct the following new problem

Max Zln=11 81_,

s.t.

n
D A= 87 =, = 1,
=1

ijyr] = y/lT), r = 1’ ""n) (32)

=1

IA
~

A =0

S{ ,j=1,...,n,
0,i=1,..,m.

&
5

v

1

Finally, to identify the congesting inputs and to estimate their amounts, utilize i = 1, ..., m input constraints
87 <s{ in Eq. (32) to obtain:
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_C*

Si =Si_ —81_,1=1,m, (33)

where 8; is achieved from Egq. (32). s{ ¢ is then the congesting amount in the total slack connected with s;” in

inputi= 1, ...,m, as achieved from Mode/ (31) and &7 is the (Maximum) amount of this total slack that can be
assigned to completely technical (Non-congesting) inefficiency, as achieved from Eg. (32).

Computation of congestion with production trade-offs

This technique follows the signs in Podinovski's research [28], and let (P, Q), trade-offs between the inputs
and/or outputs, show the possible simultaneous change to the inputs and outputs in the entire technology.
Different examples of production trade-offs are discussed in [29], which assumes that k trade-offs:

(P.Qy, t=1...k (34)

The use of trade-offs in Eg. (34) in the standard VRS technology leads to the expanded technology Tyrs—T10,
since the abbreviation TO stands for “trade-offs, as in the following form:

TVRS—TO:{(X’Y) |X2 0;Y >0 ;X = Zjn=1 )\]X] + 2%(:1 T[tpt,Y < Zjn=1 A]Y] +
T mQ N A =14 20,1 20,j=1,...,n,t=1,...,kh (35)

The output radial efficiency of DMUo in TV RS—to is defined as max {$|($X,,Y,) €Tyrs—T0)

Max o,
n k
s.t.ZA-X- +Zn P. +d =X,
- j4Nj tht, o] (Al)
j=1 t=1
n k
Zx,-Y,-+ZntQt,—e=¢Yo, (A2)
j=1 t=1
n k
Zx,.x,. + Zntpt, +d>0, (A3)
j=1 t=1
n k
DAY+ > mQ e 20, (A4)
j=1 t=1
n A
=11 (A5)
Amed=>0.

The (A3) is redundant as it follows from (Al). Since (p =1,m;=0,t=1,..,kkd=0,e=0,A =1,j =
1,..,n,j # o).

is a feasible solution for the above model and the objective function maximizing ¢, so, ¢* = 1. Therefore, A
(4) can be deleted. This implies that the model is equal to the following LLP formulation:

Max ¢,
s.t.

n k (35)
XO = z )\]X] + Z T[tPt,
j=1 t=1
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k

n
(I)XO S Z)\]Y] + Z“tQt’
j=1 j

n
i= t=1 j=1

n
day=1anz0
=1

The output radial efficiency of DMUo is equivalent to the optimal value @* of the objective function in Model
Eg. (35). Because of the constraints of the model, the aim DMU (Xo, ¢*Yo) is a valid member of the PPS
TV RS=TO and located on its boundary. Therefore, the radial efficiency g* of DMUo has the meaning of a

Ay,

technologically feasible radial enhancement factor for the outputs of the DMUo. It is a must to be aware of
the introduction of trade-offs. Eq. (34) in the envelopment models is equal to the incorporation of weight
restrictions.

uTQt - tht < O, t:]...., k. (36)

In the dual multiplier forms. In VRS DEA models with production trade-offs, the second step of the
optimization procedure is a test for possible non-radial improvements to the radial targets. A linear program
for this reason is developed as follows:

Max Y%, d; +X5-; e,

s.t.

n k
Z}\]X] +Z’1Ttpt' +W+ d =X0,
j=1 t=1

n k
ZAiYi + Z“tQt, —e=¢"Y,,
j=1 t=1

n k
Z }\]X] + Z T[tpt, + w >= 0,
j=1 t=1

37)

n
j=1
Amed=0

Model (37) maximizes the sum of remaining slacks subject to the clear condition that the resulting efficient
target has only nonnegative inputs. This step produces a fully efficient target of DMUo: Let A, 1, e*, wand*
be any optimal solution to Mode/ (37). Define:

n k
Ro = Z?\;‘X]- +Z1Ti§pt +w",
j=1 t=1 (38)

o = XL X + 25, T Qe + .

Obviously, DMUR,, ¥,) is Pareto-efficient in technology Ty rs-to. According to Theorems 1, if ¢* =1 and
optimal vectors ex and d* are zero vectors, DMUo coincide with DMU (X, $,) and is accordingly efficient.
Then DMUo is inefficient and (X,,¥,) can be regarded as its efficient target.
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Since it was told in Section 2, firstly, by applying Mode/ (32), the BCC-projection of a DMUo, that is (X, §,)-
According to Definition 2, which is obtained, it is utilized to compute the congestion. Similatly, at first, there
was a weight limitation.

They want to find the radius target of a DMUo utilizing Mode/ (35), which will be utilized to obtain the
correspondence efficient target in Mode/ (37) according to Model (38). By incorporating the mentioned efficient
target in Mode/ (10).

m s
max Yi2, 87,

Where 8 is obtained from Madel (39). d is then the congesting amount in the total slack connected with

df'in input i = 1, ...,m, as obtained from Mode/ (1), and 8" is the (Maximum) amount of this total slack that
can be assigned to completely technical (Non-congesting) inefficiency, as obtained from Mode/ (39).

2.2 | Multi-Stage Data Envelopment Analysis Congestion Model

s.t.

n k - — =
Yim1 AjXij + X1 TP — 8 =X, 1=1,...,1,

Ay + 21 Qe = Yro T=1,.,m,

n
=1 (39)

57 < d;,
)\] > 0,] = 1,....,n,
§7>0i=1,..,m,

M = 0.

At last, to identify the congesting inputs and to estimate their amounts, they utilized i = 1, ..,m input
constraints §; < d;j in Mode/ (39) to achieve [30]:

df" = d;-67 . (40)

Assume there are n DMUs and that each DMUj (j=1; 2; . . .; n) has m inputs to the first step, and S outputs
from this step Zg;_(s=1..., s). These S outputs then become the inputs to the second cycle and Z,, where
0=0, 1...., O is the input or entered as an input of the existing step and other subsequent steps. The outputs
from the second, third, and fourth steps are denoted as yrj, where r=1, 2..., R, vlj;where 1=1, 2..., I. and
Wyjo Where g=1, 2..., G. The weights of cycle 1, cycle 2, cycle 3, and cycle 4 are n8,u,, w andyy . The input
weights of steps 1, 2, 3, and 4 are vj, Vop, Wop andogp,. They moditied a one-step Fire et al. [9] method that
proceeds in two steps into multi-stage DEA models. The first stage utilizes an “input-oriented” model as

follows:
6* = mind, 41)
s.t. (Zgzl nézsjo) + ( Z1S~=1urYrjo) + ( ZIL=1 H1Vijo ) + (Zg=1Yijko) Yin 2 0. (42)

S LA R Q
( ZIS'=1 ViXijo) + (Zs=1 Ns Zsjo + Z?:lvopzopo) + (Zrzl UrYrjo + Zq:1WopZopo) +
L
( Zl:l HiVijo + ZIS'=1 0opZopo)—enan <0
T]?: Vi, Ur, Vopor My Wop, Yk Oop = 0.

(43)
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The objective is to minimize all of the inputs of DMUo in proportion 8" where the optimal 8 = 8** does not

surpass unity and the non-negativity of the n4,v;, u,, Vopos M, Wop, Yk Oop and output implies that the value of
8" will not be negative under the optimization in Eg. (7).
0< minf = 6" < 1. @“4d

Technical efficiency is achieved by DMUo if and only if 8* = 1 Technical inefficiency is present in the
performance of DMUo if and only if 0< 8" < 1 Second stage model:

B* = minp, (45)
st (To1M8Zsjoy + ( Xio1uryrio) + ( Zica mivijo ) + Co=1 YkWiko) Yin = 0. (46)
( 2r=1 ViXijo) + (Z§=1 nézsjo + Xio1 Vopzopo) + (Z§=1 UrYrjo t Zqul WopZopo) +
( Ziimvijo + M1 00pZopo) - BiXyy < O.

né: Vi) U, Vopos M1 Wop, Y Oop 2 0.

(47)

Note that the first i=1..., m qualities in Eg. (43) are replaced by Eq. (47). Thus, slack is not possible in the
inputs. The fact that only the output can yield a nonzero slack is then referred to as “weak disposal”. Hence,

0=0" < B" and these results can be used for developing a “measure” of congestion:

0< C(6%, ") = Z— (48)

Combining Models (41)-(45) in a two-stage manner, they utilized this measure to identify congestion in terms
of the following conditions:

I. Congestion is identified as present in the performance of DMUo if and only if:

c(*,pH <1. 49)
II. Congestion is identified as not present in the performance of DMUo if and only if:

c(e*,p") =1.

Our proposed congestion model will multiply the congestion scores of each process cycle to check the

. . . o*
presence or absence of congestion in the overall supply chain 0 / go-

Output-oriented multi-stage congestion model

0* = minb, (50)
(X3=1 “ézsio) +( X3t urYrjo) +( Y, H1Vijo )+ (22':1 YkWijko) _Onyin = 0. (51)
( Z?:lvixijo) + (Zg=1 T]‘/SXZsjo + Z?:lvopzopo) + (ZszlurYrjo + Zc?leOpZODO) + (52)
( 21L=1 HVijo t+ ZrN=1oopZopo) _Xgn < 0.

A
Ns,» Vi, Ur, Vopor K Wop, Yk Oop = 0.

Technical efficiency is achieved by DMUo if and only if 6** = 1. Technical inefficiency is present in the
performance of DMUo if and only if 0< 6" < 1. Second stage model:

B* = minp, (53)
st (U321 M8Zsj0) + ( Zio1 ur¥ijo) + ( Zits uvijo ) + (=1 YkWjko) _BYin = 0. (54)
( ZRo1vixijo) +  (Z3=1M8%Zs50 + Z3=1VopZopo) + (Tre1 Ur¥ijo + z:?1=1"VOpZ0pO) + (55)
( Z%:l p—lvljo + Etlﬂ:loopzopo) —Xkn <0.
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A
Ns,» Vi, Ur, Vopor M, Wop, Yk 0op = 0.
Combining Models (50)-(53) in a two-stage manner, they utilized this measure to identify congestion in terms
of the following conditions,

1. Congestion is identified as present in the performance of DMUo if and only if:

Cc(e,p") <1. (56)
II. Congestion is identified as not present in the performance of DMUo if and only if:

C(6*,p7) = 1. G7)

Our proposed congestion model will multiply the congestion scores of each process cycle to check the
. . . o* .
resence or absence of congestion in the overall supply chain © . When the congestion scores of several
p g ppLy po g

independent stages occur together.
Wua et al. (Congestion with undesirable outputs)

Assume x, y, and u show the inputs, desirable outputs, and undesirable outputs, respectively. Proof of
congestion in this scenario happens whenever reducing some inputs x can increase desirable outputs y and
decrease undesirable outputs u concurrently. Before measuring this kind of congestion, the method should
develop a method to solve the problem of undesirable outputs. So far, there have been several methods for
addressing the undesirable output problem. In this study, the method of Seiford and Zhu [31] is chosen to
deal with undesirable outputs. Since the input-oriented model may produce incorrect results in distinguishing
congestion, this paper will concentrate on the output-oriented model [12]. The model is shown as follows:

Max 9,
n

s.t. Zj:l )L]le < Xio»

n
Zj:lAerj 2 Yro»

n
Zj=1 Aj0j = 80¢o. (58)
Otj = _ut]' + (Xt,

n —

j:llj - 1J
7\]- >0, i=1,...m,r=1,..,s,t=1,..,k, i=1,...,n,
Where a is a big enough positive number that can make every oy positive. The fourth constraint is utilized
to trans form the undesirable output to a new variable, whose value is the larger the better, by adding a
sufficiently positive constant to the negative amount of objectionable output. The third constraint is utilized
to constrain the new changeable in the Possible Production Set (PPS). We call this model the BCC SZ model.
When the constraints on A are changed, we can get some other DEA models, for example: YL, 4, is free

(CCR SZ model) YL, A; <1 (FGSZmodel) and YL, A = 1 (ST SZ model) The corresponding new model,
defined as the unew model, for determining the congestion of DMUO, is shown as follows:

Max §,
s.t. Z]!lzl )\]Xl] = Xjo,
Z]p:l)\erj 2 8yro,

Otj = _ut]' + O(t,
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2j=1Aj0j = 800, (59)
=1,

?\]- >0,i=1...m,r=1,..,s,t=1,..,k, j=1,...,n

Comparing Models (58) and (59) showed that the difference is when they have a different first constraint. The
constraint of Mode/ (58) is more relaxed than that of Mode/ (59). The optimal solution of Mode/ (59) is the

feasible solution of Mode/ (58). Also, Mode/ (59) has a different PPS, which is closed, because of the first
constraint.

Definition 8. If the optimal value of the UNEW model, Mode/ (59), satisfies z* =1, then we call DMUO weakly
efficient, corresponding to the UNEW model, or weakly efficient in short.

Definition 9. Assume DMUO is weakly efficient in the UNEW model. If it has X 9, 0)ATNEW, % <
XoadX #X, , §<Yo, >, where Tyey = {(X, 12l Zjnzlljxij = Xjo» Z]n=1 Ai¥ij < Vros Zlnzl)\jurj = Uro»
Z]-n=1 A=1,042 0}. Then the DMU evidences congestion.

Definition 10. Assume DMUO is weakly efficient in the UNEW model. If it has X 9, 0)ATNEW, % <
Xoand X # Xo > S\’ Z Yo, = Uo, where Tnew = {(Xr Y)l Zjnzl ijij = Xio» Z]n=1 AjYI"j 2 Vro» Z]nzl)\jurj < Uy,
Z}Ll?\j =1,52= 0}. Then the DMU evidences congestion.

Theorem 9. A weakly efficient DMUO of the UNEW model evidences congestion if and only if it is not
weakly (BCC SZ) DEA efficient, if and only if it is neither weakly (FGSZ)DEA efficient nor weakly
(STSZ)DEA efficient.

Abbasi et al. (Estimation of congestion in free disposal Hull models using data envelopment
analysis)

In this technique, first, concisely describe some characteristic property of the FDH model. Consider n DMUs
where each DMUj (j = 1,...,n) uses m inputs xij (i = 1,...,m) to produce S outputs yrj (r = 1,...,s). Let
xj = (x1j,...,xmj)Tand yj = (y1j,...,ysj))T We will also assume that x; >0 ,x; # 0 and y; = 0,y; # 0 The
PPS T is shown as:

T = {(x,y)| € RP*S| y can be produced from x}. (60)

This set is denoted by Tgpy, concerning the assumptions of deterministic and free disposability of the
production technology:

n n n
Trpn = {(X'Y):Z}\jxj < X:Z}\j}’j = Y.le =1, 4€(0,1),j=1,..,n} (61)
=1 =1 =1

The additive FDH model to evaluate the efficiency of an exceptional DMUp (p € {1,...,n}) under the TFDH
is as follows:

Max Y, si + X3 S5,
st Y A Xij + 87 = Xip, i=1.., m,

L1YeA = SF = Yeps 1=10,55, ©2)
LA =1, A € (0,1),j=1..,n,

s; =20, sf =0, i=1..,m, r=1..,s.
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Definition 11 (FDH efficiency). Consider Mode/ (62). 1f the optimal objective value is zero, then DMUp is
said to be FDH efficient. It is worth noting that, to the CCR and BCC models, the FDH model does not
require the convexity assumption. So, this model has a discrete nature, which causes the efficient target point
for an inefficient DMU to be assigned as a point among only actually observed DMUs, so the efficiency
analysis is done relative to the other given DMUs instead of a hypothetical efficiency frontier. This has the
advantage that the achievement goal for an inefficient DMU given by its efficient target point will be more
credible than in cases of CCR and BCC models.

Definition 12 (FDH output efficiency). Consider the following model. If zgpy= 0, then DMUp is said to
be FDH output efficient:

— S +
Zppp=Max Y1 S¢,

s.t. Zjn=1 )\j Xij < Xips i=1.., m,
]p:I y}']}\] - SI-"- = er: r=1! Sp (63)
LA =12 €(0,1),j=1..,n,

s; =0, sf =0, i=1..,m, r=1..,s.

Definition 13 (congestion). Evidence of congestion is here in the performance of any DMU, when a
decrease in one or more inputs is connected with increases that are maximally possible in one or more outputs
without worsening other inputs or outputs. Conversely, congestion is said to happen when some of the
outputs that are maximally possible are reduced by increasing one or more inputs without improving any
other inputs or outputs.

Definition 14 (strong congestion). If a proportionate reduction in all inputs of a DMU warrants an increase
in all maximally possible outputs, then strong congestion happens.

Definition 15 (technical efficiency). Efficiency is obtained by DMUO if and only if it is not possible to
improve some of its inputs or outputs without worsening some of its other inputs or outputs.

Definition 16 (technical inefficiency). Technical inefficiency is said to exist in the performance of DMUO
when the evidence shows that it is possible to improve some input or output without worsening some other

inputs or outputs.

In Tepy, the efficiency covering is a staircase based on those given DMUs that are not dominated by other
given DMUs. It should be noted that evaluating congestion in usual models for convex PPS has been studied
on Tygw, which is a PPS without an input disposability element. Let us denote Tygw corresponding to Tepy
as Typpu, which can be defined as follows:

n n n
TNFDH = {(x,y):Zijj = X,ZA]-y]- > y,ZA]- =1, 5€(01),j=1,..,n}. (64)
=1 =1 =1
A new set is introduced as follows:
n n n
FDH_l = {(X,Y),Z)\]X] = X,Z}\]y] = y,z}\] = 1,)\1 € (0,1),] = 1,..,n}. (65)
=1 =1 =1

It seems that the set of FDH™tis achieved by reversing the sign of the input inequalities in Tppy The following

model is used to deal with the congestion occurrence in the FDH model:

— S +
Zppy-1= Max ),p_1 S;
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st XL Ay X = Xy, i=1..,m,

Z]n:l Yrj)\j - SIT = Yrp r=1..,s, (66)
]D=1 }\] =1, }\] € (0,1)

s; =20, sf =20, j=1..,n,i=1..,m,r=1..,s.

They described the above model “FDH*output additive model.” To see what is involved, they commented
that the input (like the output) constraints take the form in this adaptation of additive models, the objective
is to maximize the outputs without reducing any of the input constraints take the from YL, A; x;; = xip, Since,

in this adaptation of additive models, the objective is to maximize the outputs without reducing any of the
inputs.

Definition 17 (FDH'output efficiency). Consider the Mode/ (66). If Zgpy-1= 0, then it is said to be FDH™!
output efficiently.

Lemma 1. DMUp is FDH output efficient if and only if the following system has no solution:

n
z }\] X]' = Xp,
j=1

n n
z AjY; Z ¥p Z Ay # Yo (67)
j=1 j=1

Z?:]_}\j = 11}\] € (0,1),] = 1, ey N

Definition 18 (congestion in the FDH model). Le DMUp t = (xp,yp) be FDH 'output efficient; if there
exists DMUk = (X, yx), such that x;<xp,, X # Xp and yp<yy,y¥p # Yk, then DMUp has evidence of congestion.

Definition 19 (strong congestion in the FDH model). Let DMUp = (xp, yp) be congested in FDH model;
if there exists DMUk = (xy, yi), such that x, < x, and yy > yp,, then DMUp has evidence of strong congestion.

Lemma 2. Let DMUp be FDH ™ output efficient; then DMUp has evidence of congestion if and only if the

following system has a solution:

n
Z }\] X]' < Xp,
j=1
n n
Z Aj¥; 2 ¥p Z Aj¥; # Y.
=1 j=1

YA =1%4€(01),j=1,..,n

(68)

Lemma 3. DMUp is not FDH output efficient if and only if the following linear system has a solution:

n n
=1 =1 (69)
LAy =1%4€(01),j=1,..,n

Theorem 10. Let DMUp be FDH *output efficient; then ZFDH, DMUp has evidence of congestion if and
only if DMUp is not FDH output efficient.

By utilizing Theorem 13, we can provide the following procedure to evaluate congestion in the FDH model.
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L. Solve Model (66) corresponding to (xp, yp); let (\*,s*") be the optimal solution of it. Letyp, =yp + st Itis
evident that (X, §,) is FDH™" output efficient.

I Solve Model (63) for (Xp, §p)-
III.  If Zgpy> O, then DMUp is congested.

Models (63)-(66) are mixed-integer programming, but can show that it does not need any mathematical
programming problem to solve. Actually, an enumeration algorithm based on pairwise comparisons, similar
to Tulken’s enumeration algorithm for the case of the radial FDH model, can be utilized. Now, based upon
the foregoing procedure and previous explanation, they proposed the following algorithm. The proposed
algorithm includes two parts. In Part (a), the existence of congestion in the performance of DMUp, and Part
(b), if DMUp is recognized to be congested in Part (a), the amount of congestion for each input, as well as the
reduction amount of each output due to congestion, will be estimated.

Proposed algorithm
Part (a)

Step 5. Calculate the optimal value of Mode/ (7) by the following equation:

s S
FDH-! = Z(yrq — er) = Maxjep Z(Yrj - er)' (70)
r=1 r=1

Where
Dp = {j € {1,...,n}|x; = xpandy; = y,}. (71)

Step 6. Let§, = yp + s*, wheres*’ = Yq — ¥p Obtain the optimal value of Mode/ (63) by:

S

ZFDH = MaXjep Z(Yrj — 9rp), (72)

r=1
Where
Dp={ € {1,....,n} | X < xp, ¥;= 9} (73)

Step 7. If Zgpy > 0, then DMUp is congested, so go to Part (b); furthermore, if there exists j € ﬁpsuch that X;
< xp and yj > §,}, then, based on Definition 4, DMUp is strongly congested. If Zgpy= 0, then DMUp is not
congested and stops.

Part (b)
Step 8. Detine Kp as follows:

kp ={j€ ﬁp | ZppH = Z?:l(Yrj - yrp)}- (74)

Then calculate

m

o = minZ(Xip - Xi]-). (75)

i=1
Step 9. Define Tp as follows:

Tp = {jekpla™ = X2, (xip — x55) - (76)
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For j € Tp define sf as the amount of congestion in the it input of DMUP and 3 as a reduction in the
amount of r™ output due to congestion, as follows:

*

c __ ;—
Si = Xip — Xjj i=1...,m,
a+* A _

St =VYrj — Vrp 1=1..0,s.

o = Y0, s is the total amount of congestion in all inputs of DMUp.
Corollary 1. If D, = 0, congestion has no appearance at DMU,,.

Hajihosseini et al. approach

One of the famous basic DEA models is “Multipplier form of BCC with output oriented” [13]. The efficiency
for DMUo of BCC is output-oriented. The efficiency for DMUo is evaluated by this model, which states that

each DMU has m inputs and s outputs:
vtxo+vy
uty, ’

Min

vij+v .
s.t. %2 1, ]=1....,n,
u’j

77)
ut > 1,
vt>1,¢

Where the decision variables are the weight vectors u* = (uy, ..., ug), vt = (V4, ., Vi) and X = (Xqj, vov, Xpy),

yjt = (Y1j) ---» ¥Ymj) are the input and output vectors for DMUj (j = 1, ..., n). If the optimal value of the above
model is equivalent to one, DMUo is efficient; otherwise, it is inefficient. The equivalent linear programming
of the above model will be substituted as follows.

Min v'x, + vy,

stuly, =1,

VtX]- +vy — uty]- >0, (78)
ut > 1gg,

vi> 1,8

As we can see in the feasible region of Model (78) v'x; + vo — u'y; 2 0 (j =1, ..., n). In this model, the DMU
is more favored when it has a smaller value. Hence, when we minimize the Vth +vy — uty]- >20(j=1,...,n),
we can reach our purpose. Therefore, rather than solving the above model, one may minimize the v'x; + vy —
uly;20 (j = 1..., n) with respect to the same region. Therefore, based on Noura and Hoseini [32]
methodology, we proposed the following Multi-Objective Linear Programming (MOLP) to explain CSW:

Min v'x; + vy — u'y;, j=1.., n,

t t i
st.vx;+vy—uy; = 0,j=1...,n, (79)
ut > 1gg,

vt > 1,e

The CSW with equivalent weights is applied to solve the above MOLP as follows:

Min Z]n:l( vi; + v — u'y;),
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s.t. Vth + vy — uty]- =0, (80)
ut > 1gg,

vi>1,e

Suppose (u*, v¥)t will be the optimal solution of the Mode/ (79), so it is considered as CSW, and for ranking

vy v

and comparing DMUs, they utilize the efficiency score of DMU; (j = 1, ..., n) as ¢j = When ¢ is

ot
u yj
equivalent to one can conclude the DMU under evaluation (DMUj) is efficient. Now, As Noura and Hoseini
[32]. E is defined as follows: E = {j:@; = 1}. And x{ is defined as the highest value of each input for all

elements in the set of E. The following sub-definition is suggested to identify congestion.

Definition 20. Congestion in DMUo eventually occurs if the optimal solution of ¢; for DMUo, the following
condition is satisfied: @] > 1 and there is at least one x;, > x{, i= 1, ..., m. The amount of congestion in the
ith input of DMUo is denoted by s{” as follows:

C *

Si = Xjo — Xj-

The sum of all s{" is the amount of congestion in DMU,,. Congestion does not present when x;, <xj ors{ =0

foralli=1, ..., m.

Theorem 11. The amount of congestion in the proposed method is equal to the amount of congestion in the

Cooper et al. method, but vice versa is not true.
Noura and Hoseini's method

Assume there are n DMUs that are evaluated in terms of m inputs and s outputs [32], [33]. Let xij and ytj be
input and output values of DMUj for i=1, ..., m and =1, ..., s, spot BCC model. The efficiencies of the
DMUs utilizing weight restrictions are measured by the sub-mode/ (17).

: n
Min XL ; ViXip + Vo,

S.t. Zf‘:l uryrp = 1’ (82)
Zin=1vixip + V0 - le‘zluryr]' S 0, ]=1, m,

m

Zvipik <0, k=1,....2m-2,

i=1

m

Z uqe <0,t=1,...,2s =2,

i=1

u. =g, r=1..,s5,

vi = ¢, i=1..,m,

Where pmizm—2=(pink) and gg.ps—» = (qrt) are matrices that are connected with weight restrictions as
described below. Such as, if the ratio of weights for the initial and ith of input and initial and rth of output is

as follows:

Vi .
lli < V_i < Uygj, lliVi <v; < Uqivq, 1 = 2, ..., m.

ur
Lll‘ < u_ < Ull‘, Llrul < Up < Ulrul, r= 2, ey
1
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Where l;; and uy; are the lower and upper bounds of :—‘ and Ly, and Uy, are the lower and upper bounds of
1

%. In this case, the matrices P and Q are defined as follows:
1

[ 112 _u12 113 _u13 CEERCT TN
P=l -1 1 0 0 :

[L12 —Uiz Lg3 =Uiz .
Q=] -1 1 0 0 :

Congestion with weight restriction utilizing common weights: Based on Noura and Hoseini [32].

Methodology, they proposed the following MOLP with weight restriction utilizing a common set of weights,
Model (2).

Min VtX]- + vy — uty]-, j=1...n,

st. vty —u'y; 20, j=1..,n,
m
ZVipik <0 k=1,..2m—2, (83)
i=1
m
Z uqr <0,t=1,...,2s—2,
i=1
ut > 1,
vt > 1,
Where the decision variables are the weight vectors v'= (vy,.. .. ,Vput = (U, .. Jug)and  x{ =
(Xgjy oe oo » Xmj), yit = (Vajs ver oee ,¥sj) are the input and output vectors for DMU;(j = 1..., n). The equivalent

weights method is applied to solve the above MOLP. It also assumes that all weights are equivalent to one.
As a result, we obtain Mode/ (3).

min YL, vix; + v, — u'y;,

t t i
VXjtvo —uy; 20, j=1...n,
m

Zvipik <0k=1..2m-2 (84)
i=1

m

Z uqe <0,t=1,...,2s—-2,

i=1

ut > 1g¢,
vt > 1,e
This implies Model (4).
min YL, v'x; + v, — u'y;,

t —utv. — A.—
VXj+v, —uy; — 4= 0,
m

Z Vipik < 0,

i=1

vix+v, —uly; —A=0,j=1...,1, (85)
m

ZVipik < O,k = 1, ,21’1’1— 2,

i=1
m

Z u g <0,t=1,...,2s—2,

i=1
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vi> 1,6
A 0.

From v'x;+v, — u'y; — Aj= 0, we have v'x;+v, — u'y; = A;. Hence, we obtain Mode/ (5).

Mlnl ZP:l A]l
vix+v, —u'y; —A=0, j=1...,n, (86)

m

zvipik <0,k=1,....2m—-2,

ZUqut <0,t=1,...,25s—2,

Now assume (u*, v*)" will be the optimal solution of Problen (86), which is named the Common Set of Weights
(CSW) with weight restriction for ranking and comparing DMUs. According to the achieved CSW, the

t
*
VX]

efficiency score of DMUj (j = 1, ...,n) will be @] = T;VO If @] is equivalent to one, then the DMU under
j

evaluation is efficient. Now, according to Noura and Hoseini [32], the efficient set of DMUs (E) is defined
as follows:

E= {j: @] = 1}.

The highest value in each input among DMUs of E for all components is introduced with x{ = max {x;;:j €

E}, j=1...., n. So, the following revised definition is suggested to identify congestion.

Definition 21. Congestion in DMUo eventually happens if for the optimal solution of DMUo g, the

following condition is satisfied ¢; > 1 and there is at least one x;, > xj, i=1...., m.
The amount of congestion in the ith input of DMUo is shown with s{; as follows: sf, = x;, — X}

The sum of all s{; is the amount of congestion in DMUo.

Congestion does not show in DMUo when x;, < x{ or s{, for all i=1,m.
Karimi et al. approach

In this research, they considered n DMUs shown by {(Xj,y]-), j =1,..,n}, they assumed that each DMU
produces the same set of outputs by consuming the same set of inputs, and the sole dissimilarity may be in
the quantity of inputs and outputs. For each DMUj (Where j=1,...,n), they denoted the non-negative input
and output vectors by X; = (Xqj, -, Xmj)5, ¥j = F1js -, ¥sj)" (Where, t is the sign of transposition) [33]. For
the sake of simplicity in the notations, they utilized Xj = [Xy,....,X,5]" and y; = [y, ....,¥n]" to denote,
respectively, the m X n input matrix and the s X n output matrix. Ordinary DEA models assume that all data
are allowed to take positive real values. Although in many practical cases, some inputs and/or outputs can
only take integer values. Lozano and Villa [34], [35] wete the pioneers in paying attention to this difference.
They introduced integer constraints into DEA models and proposed a MILP model for evaluating the
efficiency of DMUs. In the same context, Kazemi and Kuosmanen [36] did some studies in integer-valued
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DEA. The works of Matin Kazemi and Kuosmanen [36] are based on some dictum. For the sake of
completeness of the current paper, they presented a summatized description of their dictum. To this method,
they supposed that T is the PPS of the integer-valued DEA, defined by: T = {(x,y)|x € ZI" can producey €

73}
The dictum of Matin Kazemi and Kuosmanen [37] is as follows:

1. Envelopment: (x]-,y]-) € T:forallj=1,..,n

II. Natural disposability: (x,y)€T and (u,v)€ ZierS):yZ v (x+uy—v)€eT.
III. Natural convexity: If (X1,V1), (X2, ¥2) € T and (x,y)=A(Xq,y1) + (1 — A)(X2,¥,) where A € [0,1] then (x,y)€
2™ > (xy) €T
IV. Natural divisibility: (x,y)€ T and 3 € [0,1]: (Ax,Ay) € Z{™ 5 (Ax,Ay) € T
V. Natural augment ability: (x,y)€ T and 3A = 1(Ax,Ay) € ZErers) - (Ax,Ay) € T.

These dictums are integer variants of the standard dictums in conventional DEA. Exactly, the dictums are
dissimilar from standard dictums only in the type of input and output vectors that must be integer-valued.
More detailed descriptions of these dictums can be found in Matin Kazemi and Kuosmanen [36], [37].
According to the presented axioms, one can construct a difference of PPSs. In this research, they used the
tollowing PPS satistying the dictums 1, 2, and 3:

TIREA = ((x,y) € Z|x > Z Xj,y < ley,,ZA =1, = 0 forall j}.

Based on this PPS, Matin Kazemi and Kuosmanen [36], [37] showed an input-oriented radial model. In their
model, the input and output variables are classified into two categories. The classification is based on the type
of the variables, i.e., whether they are continuous or integer. In the following, they showed an output-oriented
version of their model. In this model, I stand for integer input/output, and the subsets of integer-valued and

real-valued inputs, integer-valued and real-valued outputs are denoted by I', IN, 0'andON'respectively (where

IN means non-integer). Model (87):

Max [o + e(Z2; 57 + X3oqsf + ZiZisp], 87)
s.t. Zj:l }\]XI] + Si_ = Xjo, i€l

Z }\erj —sf = @Yro, T € O\Oy,

Z]n=1}\JYI‘] - SI-!- = yr' r €0y,
yr = ®¥ro + S!‘! re OI'

n

j=1
= 0, for allj,
si =0, forallr=1,...,p,
s; €EZ,,
sf =0, forallr,
. €Z,,1€],
r € 0;,
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A=0j=1..,n,

Where € is a small non-Archimedean positive number and A = (Ay,A,, .....,A,)" is a column vector of
unknown variables that are often referred to as structural or intensity variables. They are utilized for
connecting the input and output vectors via convex combination. Variables sjt, 7, st represent the non-radial
slack variables, and in the end §, € Z, is the integer-valued reference point for outputs O;. The objective of
this model amounts to finding the maximum possible extension that can be done on outputs without any
need to use up more inputs.

We note that the difference between congestion and technical inefficiency relies on the fact that, in the case
of technical inefficiency, it is possible to decrease the inputs without reducing output. The outputs (Or
increasing the outputs without increasing the inputs). In other words, technical inefficiency can be considered
as an excess that we utilize in some inputs or as a shortfall that we produce in some outputs. So, when there
is congestion in the system, any decrement in the inputs leads to some increments in (At least) one or more
outputs; without worsening any other inputs or outputs (Or, in a similar way, any increment of inputs leads

to some decrements in, at least, one or more outputs; without improving any other input or output).
3| Conclusion

This comprehensive review examined various methodologies developed within DEA for assessing congestion
and inefficiencies in DMUs. The study categorized approaches based on their focus, such as input and output
orientations, multi-stage models, weight restrictions, and techniques addressing undesirable outputs, integer
data, and production trade-offs.

Notable models include the classical DEA formulations extended to detect and measure congestion
phenomena, the efficiency interval and projection methods, and advanced frameworks incorporating
production trade-offs and weight restrictions. The review highlighted the distinction between congestion and
technical inefficiency, emphasizing that congestion occurs when increased inputs can paradoxically lead to
reduced outputs without worsening other parameters. Several innovative models, like the FDH (Free disposal
Hull) and its variants, were explained, providing credible, data-driven congestion measures that rely on
observed data points.

The article discussed algorithms, projection techniques, and the integration of weights to identify and quantify
congestion levels, including strong and weak congestion scenarios. The synthesis underscores that these
varied DEA techniques offer robust tools for researchers and practitioners aiming to diagnose, measure, and
improve operational efficiency amid resource overuse, ultimately enriching the analytical capabilities for
performance evaluation in complex systems.
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