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Abstract

This paper introduces a novel approach for solving Fractional Optimal Control Problems (FOCPs) using Deep
Reinforcement Learning (DRL). Fractional-order systems, involving derivatives of atbitrary order, have shown
great potential for accurately modeling complex, real-wotld systems that cannot be effectively captured by
traditional integer-order models. The inherent nonlinearity and complexity of FOCPs often make them difficult
to solve using conventional methods. In this work, we leverage DRL to learn optimal control strategies for
fractional systems by interacting with the environment. Additionally, Transfer Learning (TL) is incorporated to
accelerate the learning process and enhance model efficiency by utilizing pre-trained models. The proposed
method provides significant improvements in computational efficiency, accuracy, and the ability to handle highly
nonlinear dynamics compared to traditional approaches. Numerical simulations validate the effectiveness of our

approach, demonstrating its potential for broader applications in fractional control systems.

Keywords: Fractional optimal control problems, Deep reinforcement learning, Transfer learning, Nonlinear
dynamics, Optimization, Control systems.

1| Introduction

Fractional calculus has emerged as a powerful framework for modeling real-world systems characterized by
memory and hereditary effects that classical integer-order models cannot adequately capture. In contrast to
conventional differential operators, fractional derivatives offer greater flexibility by allowing non-integer
differentiation orders, thereby describing systems with long-range temporal correlations and complex

dynamic behaviors. Such systems frequently appear in electrical circuits, viscoelastic materials, fluid dynamics,
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biological processes, and control engineering applications [1-3]. Owing to these properties, fractional-order

models have been widely used to achieve higher modeling accuracy and robustness in engineering systems.

In recent decades, the study of Fractional Optimal Control Problems (FOCPs) has received increasing
attention. FOCPs extend classical optimal control formulations by incorporating fractional derivatives into

the system dynamics or performance index.

Foundational work by Agrawal [4], [5] formulates optimality conditions for fractional systems using the
fractional calculus of variations and Pontryagin’s Minimum Principle (PMP). Subsequent studies proposed
numerical and semi-analytical schemes for solving FOCPs, including spectral methods, finite-difference
approaches, and Chebyshev collocation techniques [6], [7]. While these methods yield satisfactory results for
simple systems, they are computationally expensive and prone to instability when applied to nonlinear or

high-dimensional problems.

The integration of soft computing and artificial intelligence has opened new possibilities for addressing the
challenges associated with fractional control systems. Neural networks, due to their universal function
approximation capabilities, have been extensively employed in solving differential and optimal control

equations.

Early studies, such as Sabouri et al. [8], used perceptron neural networks to approximate the state, co-state,
and control variables in FOCPs, thereby converting the corresponding two-point boundary-value problem
into a Volterra integral equation. Although these methods demonstrated strong approximation capabilities,

they relied on offline static optimization and lacked adaptability to changing system dynamics.

More recent advancements have explored adaptive and learning-based control frameworks, including fuzzy
systems, evolutionary algorithms, and Deep Neural Networks (DNNs), for improved solution efficiency.
However, these models are primarily supervised-learning-based, requiring pre-labeled datasets and predefined
cost functions.

They often fail to autonomously adjust control policies in response to environmental feedback, which is
critical for fractional systems whose dynamics evolve and depend on historical states. Consequently, a
fundamental research gap remains in the development of adaptive, data-driven control methods capable of

learning optimal strategies directly through interaction with fractional-order environments.

To address this limitation, the present study introduces a Deep Reinforcement Learning (DRL) framework
for solving FOCPs. DRL combines the representational power of DNNss with the decision-making capability
of Reinforcement Learning (RL), enabling agents to learn optimal control policies through trial-and-error
interaction rather than explicit supervision [9], [10].

This makes DRL particularly suitable for nonlinear, time-dependent, and high-dimensional fractional systems.
Furthermore, to enhance learning efficiency and generalization across different system configurations, we
incorporate Transfer Learning (TL) techniques [11], [12].

By transferring knowledge from previously trained models to new fractional environments, the proposed
method achieves faster convergence and improved stability compared to conventional DRL models trained

from scratch.

In summary, the novel contributions of this paper are threefold:

I. We develop a DRL-based framework to optimize fractional control systems without requiring explicit

analytical modeling of the system dynamics.

II.  We integrate TL into the DRL architecture, allowing faster policy adaptation and improved generalization

across various fractional orders.
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III.  We demonstrate, through comparative expetriments, that the proposed approach significantly outperforms
classical numerical and neural network—based methods in terms of accuracy, convergence rate, and

robustness.
The rest of this paper is organized as follows.

Section 2 provides a brief overview of fractional calculus and formulates the FOCPs. Section 3 describes the
proposed DRL and TL framework in detail. Section 4 presents numerical experiments and performance
evaluations, while Section 5 discusses results and implications. Finally, Section 6 concludes the paper and

outlines future research directions.
2| Preliminaries and Problem Formulation

Fractional calculus provides a generalized framework that extends the concepts of differentiation and
integration to arbitrary (non-integer) orders. This generalization enables the modeling of systems that
inherently exhibit memory, hereditary behavior, and long-range temporal correlations, properties that cannot

be adequately captured using classical integer-order models.

Such fractional-order representations have proven essential for accurately describing dynamics in diverse
scientific and engineering fields, including viscoelasticity, electrochemistry, heat transfer, diffusion, and
biological processes [1-3]. In control theory, fractional-order models offer richer, more flexible dynamics,
enhancing system robustness and yielding more accurate responses than integer-order systems, particulatly in

uncertain or nonlinear environments.

Among several formulations of fractional derivatives, the Caputo and Riemann—Liouville definitions are the
most widely adopted. For a sufficiently smooth function f(t), the Caputo derivative of order a € (0,1) is
defined as

1

t
DEO) = =5 fo (t— ) (1)dr, (1

where I'(+) Is the Gamma function. The Riemann—Tiouville fractional integral, on the other hand, is given by

1 t
I&f(t) = e fo (t— D) f(t)dt. 2

The Caputo definition is generally preferred in control and physical applications since it allows the initial
conditions to be specified in terms of physically meaningful integer-order derivatives. When the order o = 1,
the fractional derivative naturally reduces to the classical first derivative —CDf(t) = %. This property

ensures a smooth generalization from integer-order systems to fractional ones.

Fractional calculus has been successfully integrated into control theory, giving rise to the field of FOCPs.
These problems aim to determine an optimal control law u(t) that minimizes a specific performance index or
cost functional while governing the system dynamics through fractional differential equations. In its general
form, a FOCP can be written as:

T
min | = fo L(x(t), u(t), t) dt, 3

Subject to the fractional dynamic constraint

“DEx(t) = f(x(t), u(t), £),x(0) = xo, “)

where x(t) denotes the system’s state, u(t) represents the control input, L(x,u,t) is the performance index
(often referred to as the Lagrangian), and a € (0,1] is the fractional order of differentiation. When a = 1, the
problem reduces to the standard optimal control formulation. Fractional systems, however, introduce an
intrinsic nonlocality due to the convolution-like integral operator in the derivative, meaning that the current
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system state depends not only on present values but also on its entire history. This memory effect provides a
more realistic representation of many real-world systems but also introduces additional analytical and

computational challenges.

The necessaty conditions for optimality in FOCPs are typically derived using the fractional PMP [4]. For the

fractional system described above, the Hamiltonian function is defined as

H(x,u,At) = L(x,u,t) + ATf(x, u, 1), 5)

where A(t) denotes the co-state (or adjoint) variable. According to the PMP, the optimal state, control, and

co-state variables must satisfy the following system of fractional differential equations:

CDEX(D) = T x(0) =
( t X —a)\,x = Xo,»

oH
DEA(Y) = = o—, A(T) =0, (6)

oH_

du

This set of equations constitutes a Fractional Two-Point Boundary Value Problem (FTBVP), coupling the
forward evolution of the state and the backward evolution of the co-state. Analytical solutions to such
problems are generally intractable, except for very simple linear systems or specific cost functions, due to the
nonlocal nature of fractional derivatives and the resulting coupling between state and co-state variables.
Consequently, research has focused on developing numerical and soft-computing techniques capable of

efficiently approximating solutions.

Over the past two decades, various numerical schemes have been proposed for solving FOCPs, including
spectral collocation methods [7], finite difference approximations [6], and orthogonal polynomial expansions.
While these methods provide accurate results for low-dimensional problems, their computational cost

increases dramatically with system complexity or nonlinearity.

Morteover, they require precise discretization of fractional operators, which introduces numerical instability
and memory overhead. To overcome these challenges, researchers have turned to artificial intelligence and
soft computing approaches, particularly neural networks, for their ability to approximate nonlinear mappings

and handle high-dimensional input spaces.

In this context, neural networks have been employed to approximate solutions to fractional differential
equations and optimal control problems by minimizing the residual errors of the governing equations [8].
These approaches reformulate the FOCP as an unconstrained optimization problem in which the neural

network parameters (weights and biases) are trained to satisfy the optimality conditions.

Although this strategy effectively provides smooth, differentiable approximations to the control and state
functions, it remains fundamentally static and offline—that is, the network is trained once and cannot adapt
dynamically to system changes or disturbances. This lack of adaptability restricts their applicability to real-
time or non-stationary fractional systems, where environmental feedback continuously affects the system

behavior.

To address these shortcomings, recent advances in RL and, more recently, DRL have demonstrated
remarkable potential for adaptive and model-free control in complex dynamical systems. RL formulates the
control problem as an interaction between an agent and its environment, where the agent learns an optimal

policy m*(s) that maximizes the expected cumulative reward by exploring the state space.

In contrast to supervised learning, RL does not rely on pre-labeled data but learns from trial and error,
adjusting the control policy based on feedback from the environment. The integration of DNNs with RL—
first popularized by the Deep Q-Network (DQN) [9] and later by the Deep Deterministic Policy Gradient
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(DDPG) [10]—has enabled scalable solutions to continuous, nonlinear control problems that were previously
intractable.

Applying DRL to FOCPs introduces a paradigm shift from static optimization to adaptive policy learning. In
the proposed framework, the agent learns to minimize the cost functional of the FOCP by interacting with a
simulated fractional environment rather than solving the coupled differential equations directly. The fractional
dynamics are embedded within the environment, allowing the agent to observe state transitions governed by
fractional derivatives and learn optimal controls through iterative updates of the policy and value networks.
This approach eliminates the need for explicit analytical modeling or numerical discretization of fractional
operators, significantly reducing computational burden and improving scalability.

Moreover, this study incorporates TL into the DRL architecture to enhance learning efficiency and
generalization. TL enables the reuse of knowledge from previously trained tasks—such as fractional systems
with different orders or parameters—to accelerate convergence in new, related control tasks [11], [12].

This integration is particularly beneficial in fractional systems, where the dynamics often vary smoothly with
the fractional order «, enabling shared representations across similar environments. By leveraging both DRL
and TL, the proposed method offers a robust, data-driven framework that learns optimal control laws

adaptively across diverse fractional dynamic systems.

The following section presents the proposed DRL framework in detail, including the mathematical
formulation of the learning process, the reward function design, and the mechanism through which the policy
network interacts with the fractional-order environment to achieve optimal control performance.

3| Deep Reinforcement Learning Framework

We reformulate the FOCP as a continuous-time RL problem governed by fractional dynamics. Consider a
nonlinear dynamic system of fractional order a € (0,1] described by the Caputo fractional derivative:

“DEx(t) = f(x(1), u(v), £),x(0) = xo, (7

where x(t) € R"denotes the state vector, u(t) € R™ the control vector, and fiR™ X R™ X R - R"The
nonlinear function governing the system dynamics. The goal is to find an admissible control function u(t) that

minimizes the performance index:

T
W) = f Lx(®), u(®), O dt ®)
0

where L(+) Is the instantaneous cost function assumed to be continuously differentiable with respect to all its
arguments? For standard optimal control problems, one applies PMP to derive necessary conditions. In the
fractional case, these conditions extend to:

Cra OH
Dix(t) = B (x,u,At),

« OH
DT)\(t) = — a_X (X, u, }\, t),

0H
_(X’ ul A" t) = 0’
Ju

x(0) = x0,A(T) =0,

Where H(x,u,A,t) = L(x,u,t) + ATf(x,u,t)is the Hamiltonian and A(t)the co-state variable.
Eg. (9) defines an FITBVP, whose analytical solution is rarely attainable due to the memory dependence of

)

fractional operators.

To overcome this, we recast the problem as a Markov Decision Process (MDP) suitable for RL. Let § ¢ R"
denote the state space, A € R™ the action space, and P(s’ | s,a)The transition kernel of the environment
governed by the fractional dynamics Eg. (7).
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At each time t, the agent observes a state sy = x(t), chooses an action a; = u(t), and transitions to a new
state Sgyq = X(t + h) determined by the Grinwald—ILetnikov discretization of the fractional detivative:

k

1 Lo o
“Dix(ty) =~ e =1 ]. )X(tk—j) Where(j) =

7=0

[(a+1)
G+ Dl(a—j+ 1)

(10)

Thus, the discrete-time transition model for the environment can be written as

k

Xip1 = F (X Uy, o, h) = xpe + h(xy, uy, ty) + Z ¢ (@) [Xx—j+1 — Xk—jl, (11)
=1

where the coeftficients ¢j(a) = (-1 (‘]1) represent the fractional memory weights.

Eg. (11) explicitly encodes the system’s hereditary property: the evolution of Xy, depends on all prior states
weighted by ¢j(a). In the RL formalism, the agent’s goal is to find a stochastic policy mg(a | s), arameterized

by a neural network with parameters 6, that maximizes the expected discounted return:

T
J(T6) = By L) Y¥r(si0 0] (12)
k=0

where y € [0,1] is the discount factor and r(s, a) denotes the reward function. In our setting, the reward is

defined as the negative of the instantaneous cost:

r(s,a) = —L(% u,t) = —(Wy | X — Xper 12+ wy [ u l1?), 13)

where wy, w, > 0 are scalar weights balancing the state-tracking error and control energy, respectively, and
Xref(t) is the reference trajectory. Because of the nonlocal nature of fractional dynamics, the reward is
augmented with a memory penalty that penalizes deviations over past states:

k

1
r(s,a) = —(Wy Il X — Xper 124+ wy I u 124+ wp, E 0k I Xj = %51 1), wk_j = k=]’ 14
j=1
where wy, > 0 regulates the influence of memory. This ensures that the policy optimizes not only the

instantaneous state but also long-term dependencies propagated through fractional dynamics.

In the DDPG framework used here, the policy g (s) is deterministic and outputs continuous actions u =
Tg(x). The action-value function Q4 (s, a), parameterized by ¢, is defined as:

QU0(s,2) = Ery. [ ¥¥r(sa0) | 50 = 5,20 = al. as)
k=0

It satisfies the Bellman optimality equation:

Q™ (s,a) =1(s,a) + 7 Eg_p(15,0)[ Q™ (s", Mo (s")) ]- (16)
In practice, the critic network minimizes the Bellman residual loss:

Lo(®) = E(sarsy~nl(Qp(s,2) — y)*wherey =1+ yQqy (s', mo (s)). A7)

Here D denotes the replay buffer storing experience tuples (s, a,1,s"), and (¢, 8") Does soft averaging update
target network parameters:

P —thp+(1-1),0 <10+ (1-10, 1€ (01] (18)
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The policy gradient theorem provides the gradient of the objective function with respect to the actor
parameters:

Vo] (1t9) = Es_pmo 12i[VgTig(s)VaQe (S, @) la=mg(s)) 19)

where p™®(s) Does the policy induce the discounted state distribution? Both actor and critic updates are
performed iteratively using stochastic gradient descent:

Brs1 = Ok + Mg Vo] (Tg), Prs1 = P — My VLo (D), (20)

where ng and ng denote the learning rates. The connection between the RL Objective (12) and the original
FOCP (8) can now be made explicit. Substituting (13) into (12), the expected return becomes:

@1
Il Xj — Xj-1 ||2)].

Maximizing J(mg) in Eg. (27)is therefore equivalent to minimizing the performance index J(u) in Eg. (§) under
the fractional Constraints (7), meaning that the optimal DRL policy g Corresponds to the optimal control law
for the FOCP.

To improve training efficiency, TL is introduced. Suppose a DRL agent has been trained in a source fractional
environment. Eg(as) characterized by order ag, yielding optimal parameters 83, d5. When learning a new
target task Er(ar), the initial parameters are set as:

0 * 0 *
05 = 65, ¢f = ¢3. (22)

These parameters are then fine-tuned using smaller step sizes ng, Mg To adapt to the new fractional order.
Since fractional dynamics with similar orders have close temporal kernels, this parameter transfer ensures
faster convergence:

k k I} k k ’
08 = 0% + 14V, J(1o,), dSFY = ¢80 — 1V Lo (). (23)

Moreover, for feature-based transfer, eatly layers of the neural networks capturing general dynamical features
are frozen, while later layers responsible for control adaptation are updated.

Overall, the proposed DRL formulation transforms the FOCP into a data-driven optimization process.
Instead of solving the coupled Egq. (9) analytically or numerically, the agent learns the optimal control policy
w(t) = mg(x(t)) By maximizing the return Function (21). The fractional environment dynamics (11), combined
with the memory-augmented reward (14) and gradient updates, Egs. (79)-(20), guarantee that the learned
policy inherently respects the memory-dependent behavior of fractional systems. The result is an adaptive,
model-free controller capable of real-time optimization of fractional-order systems with strong nonlinearity
and long-term dependencies.

4 | Experimental Setup and Numerical Results

To evaluate the proposed DRL—based framework for fractional optimal control, two benchmark systems
were analyzed: a linear fractional-order system and a nonlinear fractional system. These examples were
selected to verify both the accuracy and generalization capability of the proposed method across different
fractional orders a € {1.0,0.9,0.8,0.7}. All computations were implemented in Python (PyTorch) using
double precision. Fractional derivatives were discretized with the Griinwald—Letnikov approximation (step
size h = 107%) to ensure numerical consistency, and the DRL agent was trained using the DDPG algorithm.
Comparisons were made against three standard approaches: the spectral collocation method [7], the finite
difference method [6], and the Static Neural Network (SNN) approach [8].
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The first experiment considered the linear fractional-order system.

CDEx(t) = —x(t) + u(t),x(0) = 1, (24)

with the quadratic performance index

T
| = f 20 +0.1u%(t)dt, T=1 (25)
0

For the integer-order case (a = 1), the analytical optimal control law is u*(t) = —10x(t), leading to the
exponential decay x*(t) = e™!'*. For fractional orders a < 1, analytical solutions are not available, and
numerical or learning-based methods must be employed.

The learning performance of the DRL agent is shown in Fig 7, where the cumulative reward increases
monotonically over training episodes for all fractional orders. The curves flatten after roughly 1200 episodes
fora = 1.0 and a = 0.9, while smaller orders (a = 0.8,0.7) require more episodes due to the stronger nonlocal
coupling in fractional dynamics. The absence of oscillations and the smooth reward growth confirm the

numerical stability of the critic and the steady improvement of the policy gradient during training.
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Fig. 1. Reward convergence of DRL for a linear system.
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Fig. 2. MSE comparison for linear system (« = 0.9).
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Fig. 3. Control energy comparison for linear system.

Quantitative performance for the linear system is summarized in Table 1. For a = 0.9, the DRL method attains
a mean squared tracking error of 6.4 x 10~*and control energy E, = 0.204, significantly outperforming the
spectral (1.82 x 1073), finite-difference (2.44 x 1073), and SNN (1.13 x 1073) methods. The computational
time of DRL is also the shortest, requiring only 4.7 s compared with 14.6 s for the spectral approach. These
improvements are clearly illustrated in Fig. 2 and Fig. 3. Fig. 2 compares the mean-square error of different
algorithms, highlighting the superior precision of DRL, while Fig. 3 presents the corresponding control
energy, showing that the DRL policy achieves smoother and less aggressive control inputs.

Table 1. Numerical comparison for the linear fractional system (T = 1).

Method o  MSE(x) Control Energy E,  CPU Time (s)
Spectral collocation 0.9  1.82x 1072 0.214 14.6

Finite difference 0.9 244 %1072 0.229 9.8

Static NN (SNN) 09 1.13x10™2 0.207 12.1

DRL 0.9 6.4x10™* 0204 4.7

Spectral collocation 0.8  3.76 x 1072 0.234 14.3

DRL 0.8 1.01 x10™3 0.212 4.9

=
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Fig. 4. Reward convergence for a nonlinear system.

Fig. 8 shows the time-domain state trajectories x(t) of the linear system for various fractional orders. The state

decays more slowly as adecreases, reflecting the longer memory of fractional dynamics. The trajectories

remain smooth and monotonic, confirming the stability of the learned control policy.

The corresponding control inputs u(t), plotted in Fig. 9, exhibit decreasing amplitude and smoother variations
for smaller «, indicating more predictive and energy-efficient control as fractional memory increases.
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Fig. 5. Final state error comparison (x = 0.9).

For a = 0.9, a direct comparison between the proposed DRL and the spectral solution is shown in Fig 70
and Fig. 77. Both x(t) and u(t) trajectories align closely throughout the time horizon, with only minor
deviations during the transient phase.

This close agreement confirms that the learned DRL policy approximates the optimal control law with very
high fidelity while achieving the same terminal performance at a fraction of the computational cost.

16 - :
—— Actor Loss
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Fig. 6. Actor—critic loss convergence.
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Fig. 7. Mean absolute deviation vs fractional order «.
The second benchmark investigates a nonlinear fractional system governed by
CDEx(t) = —x3(t) + u(t),x(0) = 1, (26)

Under the same cost function as above. Nonlinearity in the drift term makes the optimization surface
nonconvex and sensitive to initial conditions.
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The DRL agent employed the same network architecture and hyperparameters, with a reward function

incorporating a fractional memory penalty:

t

re = —,(WyexZ + wyu? + wy, Z we_j (x5 — X]-_l)z), (27)
j=1

where wy = 1.0,w, = 0.1, w,, = 0.05, and the kernel 0,_; = (t —j)~*".
This additional term proved essential for stable convergence; omitting it caused the controller to oscillate

because it could not account for long-term memory dependencies.

10

0.6

State x(t)

0.0

0.0 0.2 04 0.6 0.8 1.0
Time t

Fig. 8. State trajectories x(t) across « for the linear system.

Control ult)

0.0 0.2 0.4 0.6 0.8 10
Time t

Fig. 9. Control trajectories u(t) across « for the linear system.

The evolution of cumulative rewards during training for different fractional orders is presented in Fig. 4. The
curves show a consistent upward trend, reaching saturation after approximately 2000 episodes for o = 0.9 and
slightly later for smaller orders. The stability of the learning process is further supported by the actor—critic
loss curves in Fig. 6, where both losses decrease steadily without divergence, ensuring reliable value estimation

and stable policy updates.

—— DRL{Proposed)
— Spectral

1.0

State x(t)
b4
o

4
=

0.2

0.0

0.0 02 0.4 06 0.8 1.0
Time t

Fig. 10. x(t): DRL vs Spectral (linear, « = 0.9).
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Final quantitative results for the nonlinear system are reported in Table 2. For a = 0.9, the proposed DRL
achieves a terminal state error of 3.1 X 107*and control energy E, = 0.203, outperforming the spectral
(6.5 x 107*) and SNN (4.3 x 10™*) methods while converging in only 1400 episodes. Even at lower fractional
orders (o = 0.8,0.7), the DRL controller maintains superior accuracy and stability with moderate training time

increases.
Table 2. Nonlinear fractional system comparison.

a Method |x(T)| (Final) Energy E. Convergence Episodes Relative CPU Time
1.0 Classical optimal control ~ 2.8E-05 0.196 - 1.0
0.9  Spectral method 6.5E-04 0.214 - 3.2
0.9  Static NN (SNN) 4.3E-04 0.208 - 2.7
0.9 DRL 3.1E-04 0.203 1400 1.0
0.8  Static NN (SNN) 7.8E-04 0.228 - 2.9
0.8 DRL 5.6E-04 0.216 1900 1.1
0.7 Static NN (SNN) 1.4E-03 0.247 - 3.0
0.7 DRL 9.8E-04 0.231 2300 1.3

0}/— DRL(Proposed)
— Spectral

-2

|
=

Control u{t)

-8

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 11. u(t): DRL vs Spectral (linear, « = 0.9).

Dynamic state trajectories for the nonlinear system are depicted in Fzg. 72. For all fractional orders, the DRL-
controlled state x(t) converges monotonically to zero without overshoot, confirming asymptotic stability of
the learned policy. As o decreases, convergence becomes slower yet smoother—an expected manifestation of
stronger memotry in fractional dynamics. The corresponding control inputs, shown in Fjg. 73, reveal that the
DRL policy naturally produces predictive damping: control signals are smooth, bounded, and energy-efficient.

Lok — =10

0.8
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o

State x(t)

=2
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0.0

0.0 0.2 04 0.6 0.8 1.0
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Fig. 12. State trajectories x(t) across « for the nonlinear system.
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Fig. 13. Control trajectories u(t) across « for the nonlinear system.

To verify accuracy relative to the spectral method, Fig 74 and Fig 75 compare the DRL and spectral
trajectories for a = 0.9. The two methods produce neatly identical state and control profiles, with a
maximum deviation below 5 x 107*. This close alignment confirms that the learned policy approximates the
optimal fractional control law with high precision. Fig. 76 provides a phase-plane visualization of the nonlinear
dynamics (u versus x), where the DRL trajectory follows a shorter, more compact path to equilibrium than
the spectral counterpart, reflecting reduced control energy and smoother stabilization.
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e
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Fig. 14. x(t): DRL vs Spectral (nonlinear, « = 0.9).

Nonlinear System (a=0.9): u(t) — DRL vs Spectral
DRL (Propased)
spectra

Control u(t)

0.0 0.2 0.4 0.6 0.8 1.0
Time t

Fig. 15. u(t): DRL vs Spectral (nonlinear, & = 0.9).
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—— DRL (Propased)
— spectral

Control ut)

0.0 0.2 0.4 0.6 08 10
State x(t)

Fig. 16. Phase-plane trajectory (x vs u, « = 0.9).

The influence of TL on convergence is illustrated in Fig. 5. When an agent is trained at ag = 0.9 is reused to
initialize learning for ar = 0.8 or 0.7, the convergence time is cut nearly in half while maintaining identical
terminal performance. This demonstrates that the DRL framework efficiently transfers knowledge of
fractional memory structures between related environments. Finally, the mean absolute deviation between
DRL and spectral solutions, plotted in Fig. 7, remains below 5 X 10™*for a > 0.8, further validating the fidelity
of the learned control policies.

In summary, the results across Figs. 7—16 and Tables -2 consistently confirm the superior accuracy, efficiency,
and adaptability of the proposed DRL approach. The learned control policies not only reproduce the optimal
fractional trajectories with minimal error but also generalize smoothly across different fractional orders and
nonlinearities. By embedding fractional-memory awareness directly into the reward structure, the DRL agent
captures long-term dependencies inherently, offering a computationally efficient, model-free framework for
solving FOCPs in both linear and nonlinear domains.

Taken together, these results reveal several key insights. First, the DRL framework achieves numerical
accuracy comparable to or better than classical solvers while drastically reducing computational cost. Second,
the policy’s ability to generalize across different fractional orders and nonlinearities demonstrates its
adaptability. Third, integrating a memory-weighted reward term is crucial for stable learning in fractional
environments; without it, convergence deteriorates due to unmodeled temporal correlations. The overall
outcome establishes the proposed DRL approach as a robust, efficient, and scalable method for solving
FOCPs in both linear and nonlinear contexts.

5| Discussion and Theoretical Analysis

The numerical and dynamic results obtained in Section 4 cleatly establish the capability of the proposed DRL
framework to accurately and efficiently solve FOCPs. Beyond the empirical findings, this section discusses
the theoretical underpinnings that explain the observed convergence behavior, stability characteristics, and
generalization ability of the method.

From a control-theoretic perspective, DRL's success in fractional systems can be attributed to its implicit
representation of memory effects within its neural architecture. Unlike integer-order systems, where the state-
transition function depends only on the current state, fractional dynamics exhibit nonlocality—that is, the
current state depends on a weighted history of all previous states. Traditional solvers attempt to discretize
this dependence explicitly through convolution kernels, which results in high computational complexity. In
contrast, DRL implicitly embeds these long-range correlations within the deep network’s weights and
recurrent feature transformations, enabling implicit modeling of the fractional kernel without explicit

convolution computation.
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The stability of the learned policy can be theoretically interpreted through the Lyapunov framework. Consider
the value function V(x) = E[ ), ]i o Y¥resx | x¢J. The Bellman equation ensures that under a bounded reward

structure and Lipschitz continuous dynamics, the policy iteration updates used in DDPG converge to a fixed
point satisfying.

Vi(xp) = e + YEx,,~p [V Ker D] (28)
In fractional systems, the state-transition mapping P(X¢4q | X, Uy ) incorporates the nonlocal Caputo

derivative, yet as long as the fractional kernel w_; remains bounded (Z | we_j | < o), the same contraction
j

property of the Bellman operator holds (with contraction factor y < 1). Thus, the expected return remains
stable, and the learned policy converges to an e-optimal control law within a finite number of iterations. This

theoretical consistency with the integer-order case explains the smooth convergence observed in Figs. 7, 4,
and 6.

Furthermore, the inclusion of the fractional memory penalty term in the reward function effectively acts as a
regularizer that penalizes abrupt state transitions. This term smooths the optimization landscape and prevents

oscillatory policies, especially in nonlinear systems.

t
Ry, = —wp, z ey (5 = Xj_1)2. 29)
=1

Analytically, the additional memory-based term introduces a quadratic damping term into the Bellman
gradient, thereby reducing the magnitude of temporal-difference errors. This mechanism stabilizes training
and encourages smoother control signals—consistent with the low-energy trajectories observed in Figs. 9 and
13, and the lower control-energy metrics in Tables 7 and 2.

The convergence speed improvement observed through TL (see Fig. 5) can also be theoretically justified. The
value function learned for one fractional order ag serves as a strong initialization for neighboring orders ar,
since the underlying kernel (t —j)~"%®changes smoothly with a. Formally, if the feature representation
bg(x) captures the dominant subspace of the kernel operator, then for small perturbations | ag — ap [< §, the
corresponding change in the optimal policy satisfies

I 5y — T 1< C | ag — g |, (30)

Where Cis a Lipschitz constant dependent on system dynamics. This continuity explains why DRL agents
trained at one fractional order can generalize rapidly to nearby environments—a property that conventional
numerical solvers lack, as they must recompute the entire discretization for each a.

Another crucial aspect concerns the stability of the learned closed-loop system. Numerical simulations show
that for all tested orders, the DRL-controlled trajectories x(t) converge monotonically to equilibrium without
overshoot (Figs. § and 72). This suggests that the policy implicitly satisfies a Lyapunov stability condition. Let

V(x) = %XZ be a candidate Lyapunov function. For the learned control policy u = mg(x), the Caputo derivative

satisfies

DV (x(D) = x(t) “DEx(Y) < —Ayx2 (1) + A [x(D)] o (x(V)), 3D

If the neural policy is Lipschitz continuous with constant Ly and satisfies AL < A;, then  “DEV(x(t)) < 0,
ensuring asymptotic stability of the equilibrium x = 0. The bounded and monotonic convergence observed
in the state trajectories confirms that this condition is numerically satisfied by the learned policies.

Overall, the DRL-based control framework exhibits three core theoretical strengths:

I. Implicit fractional memory modeling: the deep policy network approximates nonlocal dynamics without

explicit convolution, reducing computational complexity.
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II. Lyapunov-consistent stability: the learned policies satisfy sufficient stability conditions derived from

fractional-order Lyapunov theory.

III. Continuity and transferability: the optimal policy varies smoothly with fractional order, enabling TL and
efficient adaptation.

These theoretical obsetvations aligh with empirical results and underscore DRL's capacity to serve as a model-
free yet mathematically grounded framework for solving high-dimensional FOCPs.

6 | Conclusion

This study proposed a DRL framework for solving FOCPs in both linear and nonlinear systems. By leveraging
the DDPG algorithm and incorporating a fractional-memory-aware reward function, the proposed approach
successfully addressed the computational and analytical limitations of classical methods such as spectral and

finite-difference solvers.

The DRL agent learns optimal control policies directly through interaction with the environment, without
requiring explicit knowledge of the system’s dynamics or the fractional operator’s kernel. Numerical
simulations across various fractional orders demonstrated that the proposed framework achieves superior
accuracy, faster convergence, and lower control energy compared with traditional numerical solvers. The
results further confirmed that DRL inherently captures the long-term dependencies characteristic of fractional

dynamics, yielding stable, smooth, and energy-efficient control trajectories.

The theoretical analysis revealed that the algorithm’s convergence is supported by the contraction property
of the Bellman operator and the Lyapunov stability of the closed-loop system. Incorporating the memory
penalty term in the reward function proved crucial for ensuring stable learning and smooth control actions.
Moreover, TL experiments demonstrated strong policy generalization across fractional orders, highlighting
the adaptability and scalability of the framework.

In contrast to existing neural or optimization-based approaches, the proposed method is entirely model-free,
significantly reducing computational cost and improving scalability for high-dimensional, nonlinear systems.
The framework provides a powerful foundation for next-generation control methodologies in which
fractional dynamics play a vital role, including energy systems, viscoelastic materials, biomedical engineering,
and electrochemical processes.

Future research will extend this framework in several directions: 1) incorporating multi-agent RL for
distributed fractional systems, 2) developing adaptive reward shaping strategies for faster convergence, 3)
integrating Physics-Informed Neural Networks (PINNs) to enhance interpretability and physical consistency,
and 4) exploring hardware-in-the-loop implementations for real-time fractional control in practical

engineering applications.

In conclusion, this work demonstrates that DRL provides a robust, mathematically consistent, and
computationally efficient paradigm for optimizing fractional-order control systems, thereby bridging the gap
between theoretical fractional calculus and modern intelligent control.
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